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Abstract

This article carries out a qualitative analysis on a system of inte-
gral equations of the Hardy—Sobolev type. Namely, results concerning
Liouville type properties and the fast and slow decay rates of positive
solutions for the system are established. For a bounded and decaying
positive solution, it is shown that it either decays with the slow rates or
the fast rates depending on its integrability. Particularly, a criterion for
distinguishing integrable solutions from other bounded and decaying
solutions in terms of their asymptotic behavior is provided. More-
over, related results on the optimal integrability, boundedness, radial
symmetry and monotonicity of positive integrable solutions are also
established. As a result of the equivalence between the integral system
and a system of poly-harmonic equations under appropriate conditions,
the results translate over to the corresponding poly-harmonic system.
Hence, several classical results on semilinear elliptic systems are recov-
ered and further generalized.
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1 Introduction and the main results

In this paper, we study the qualitative properties of positive solutions for an
integral system of the Hardy—Sobolev type. In particular, we consider the
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system of integral equations involving Riesz potentials and Hardy terms,

uw) = [

n |z —y[rmely|o

o) = [ S C) S—

n |z —y[Pely|o2

(1.1)

where throughout we assume that n > 3, p,q¢ > 0 with pg > 1, @ € (0,n) and
01,09 € [0,). As a result, we establish analogous properties for the closely
related system of semilinear differential equations with singular weights,

(~8)u(e) = L i B\fo),
) (1.2)
(—A)a/2v(:17) = T;T;L in R™\{0},

since both systems are equivalent under appropriate conditions. Particu-
larly, if p,g > 1 and o = 2k is an even positive integer, then a positive
classical solution u,v € C?(R™\{0}) N C(R") of system (I)), multiplied
by suitable constants if necessary, satisfies the poly-harmonic system (L2])
pointwise except at the origin; and vice versa (cf. [8], 40} 41]).

Our aim is to fully characterize the positive solutions, specifically the
ground states, in terms of their asymptotic behavior and elucidate its con-
nection with Liouville type non-existence results. The motivation for study-
ing these properties for the Hardy—Sobolev type systems arises from sev-
eral related and well-known problems. For example, one problem originates
from the doubly weighted Hardy-Littlewood—Sobolev (HLS) inequality [38],
which states that for r,s € (1,00), @ € (0,n) and 0 < 01 + 02 < @,

T
[ ] o dody] < Coman el

T — y[roly|o2

where 1 1 11 n n
« o o140 n+
o<l and -4+ 2 2 = .
n o r n r r s n n

Here and throughout this paper, [|f||z»®ny or |||, denotes the norm of
f in the Lebesgue space LP(R™). To find the best constant in the doubly
weighted HLS inequality, we maximize the functional

_ f(@)g(y) X
109 = [, f e e 2o )




under non-negative functions f and g with the constraints

1 £1lzr@ny = N9l s mny = 1.

s—1

Setting u = ¢ f"~! and v = cag with proper choices for the constants

c1 and co and taking zﬁ =1 —% and tH—Ll =1- % with pg # 1, the
corresponding Euler—Lagrange equations for the extremal functions of the
functional are equivalent to the so-called weighted HLS integral system

o) = e [y,

a]er Jge o — y|relylo2

o) = [y,

)72 S o — |yl

(1.4)

where

o1 1 n—aoa+ oy 1 1 n—aoa+ o+ o2
— < < and + = .
n p+1 n 1+q 1+4p n

Notice that (LI)) and (I4) coincide if o1 = o2 = 0. Now when 01 = 02 =0
and r = s = %7 Lieb classified all maximizers of the functional (I3]) and
posed the classification of all the critical points as an open problem in [29],
which was later settled by Chen, Li and Ou in [I1].

If we take 09 = 09 = 0, p = ¢ and u = v, system (L[LI]) becomes the

integral equation
u(y)?
u(z) = —dy. 1.5
(=) /]R” |z —y[" =yl (15)

In the special case where o« = 2 and p = %;20, ([CEH) is closely related
to the Euler-Lagrange equation for the extremal functions of the classical

Hardy—Sobolev inequality, which states there exists a constant C' for which

2(n—o)

— n—2
</ M)"w < C/ \Vu(x)* dz for all u € DV2(R™).
n Rn

||

In fact, the Hardy—Sobolev inequality is a special case of the Caffarelli—
Kohn—Nirenberg inequality (cf. [2, Bl [5] 12]). Furthermore, the classifica-
tion of solutions for the unweighted integral equation and its corresponding
differential equation provide an important ingredient in the Yamabe and
prescribing scalar curvature problems.

Another noteworthy and related issue concerns Liouville type theorems.
Such non-existence results are important in deriving singularity estimates



and a priori bounds for solutions of Dirichlet problems for a class of elliptic
equations (cf. [17, 35]). The Hénon-Lane-Emden system, which coincides
with (L2) when o = 2 and 01,02 € (—00,2), has garnered some recent
attention with respect to the Hénon—Lane-Emden conjecture, which states
that the system admits no positive classical solution in the subcritical case

n—o n — o9
1+¢ I+p

In [34], Phan proved the conjecture for n = 3 in the class of bounded solu-
tions and for n = 3,4 provided that 01,02 > 0 (see also [16]). For the higher
dimensional case or the general poly-harmonic version, this conjecture has
partial results (cf. [15] 34] [40] and the references therein). In [39], the au-
thor verified that the poly-harmonic version is indeed sharp by establishing
the existence of positive solutions for (I.2)) in the non-subcritical case (see
also [24] [30]). Even in the unweighted case (i.e. o1 = 09 = 0) with a = 2,
the conjecture, more commonly known as the Lane-Emden conjecture, still
has only partial results. Specifically, it is true for radial solutions [33] and
for n < 4 [35 36, B7] (cf. [1l B1] for the poly-harmonic case).

In [26] and [27], the authors examined the decay properties of positive
solutions for the Lane-Emden equation,

—Au(z) = u(x)? in R".

It was shown that solutions decay to zero at infinity with either the fast
rate u(z) ~ |z|~(®2) or with the slow rate u(z) ~ \x]_P%l, where the
notation f(x) ~ g(x) means there exist positive constants ¢ and C' such that
cg(z) < f(z) < Cg(x) as |z| — oo. Analogous studies on the asymptotic
properties of solutions for the weighted integral equation (L5l can be found
in [19] and for the unweighted version of system (LLI]) in [20]. In addition,
results on the regularity of solutions for these equations and systems can be
found in various papers (cf. [6] 10, 14, 28], 32]).

We are now ready to describe the main results of this paper. Henceforth,
we define

1 — 1 —
po = a(l+p) — (o2 + 01p) and m)iza( +q) (01%-02qx

pq—1 pq—1

We also define some notions of solutions for the Hardy—Sobolev type system
including the integrable solutions.

Definition. Let u,v be positive solutions of (LIl). Then u,v are said to be:



(i) decaying solutions if u(x) ~ |z|~% and v(z) ~ |z|~% for some rates
01,02 > 0;

(i1) integrable solutions if u € L™ (R™) and v € L°(R™) where

n n
ro=— and Ssyg= —.
q0 Po

Definition. Let u,v be positive solutions of (LIl). Then u,v are said to
decay with the slow rates as |x| — oo if u(x) ~ |z|7% and v(x) ~ |z|7Po.
Suppose ¢ > p and o1 > 09. Then u,v are said to decay with the fast rates
as x| — oo if

u(w) = Ja ("=

and
() ~ [z~ (=), if p(n —a) + o2 > n;
v(x) ~ \x]_("_a) In |z|, if p(n —a) + 03 =n;
o(z) = o] CO~0702) | if p(n —a)+ 05 < 1.

Remark 1. The conditions on the parameters in the previous definition,
i.e. ¢ > p and o1 > oo, which we will sometimes assume within our main
theorems, are not so essential. Namely, the results still remain true if we in-
terchange the parameters provided that u and v are interchanged accordingly
in the definition and the theorems.

Remark 2. In view of the equivalence with poly-harmonic systems and the
reqularity theory indicated by the earlier references, classical solutions of
() should be understood to mean solutions belonging to Cl*/(R™\{0}) N
C(R™), where | - | is the greatest integer function.

1.1 Main results
Theorem 1. There hold the following.

(i) If u,v are bounded and decaying solutions of (ILTl), then there exists a
positive constant C such that as || — oo,

u(z) < Clz|™% and v(x) < Clz| 7.

(ii) Suppose q > p and o1 > o9 (so that qy > po), and let u,v be positive
solutions of (LI)). Then there exists a positive constant ¢ such that as
|3§‘| — 09,
c c

and v(z) > | |min{n—a,p(n—a)—(a—02)}

u(z) >

- |$|n—a



We now introduce our Liouville type theorem for the Hardy—Sobolev
type system. Basically, our result states that the system has no non-negative
ground state classical solutions in the subcritical case besides the trivial pair
u,v = 0.

Theorem 2. Suppose that, in addition, o € (1,n). Then system ([I.1I) does
not admit any bounded and decaying positive classical solution whenever the

following subcritical condition holds
n—oq n — o9

+ >n-—a. 1.6
1+¢ 1+p (16)

Remark 3. In [{0], the author proved the following non-existence theorem
but without any boundedness or decaying assumption on positive solutions.

Theorem A. System (1)) has no positive solution if either pq € (0,1] or
when pq > 1 and max{pg,q} > n — a.

Interestingly, Theorem A and Theorem [2 are reminiscent of the non-
existence results of Serrin and Zou [36] for the Lane—Emden system. We
should also mention the earlier work in [13], which also obtained similar
Liouville theorems among other interesting and related results.

Theorem [2] applies to integrable solutions as well. In particular, we later
show that integrable solutions are indeed radially symmetric and decreasing
about the origin. Therefore, the proof of Theorem [2] can be adopted in this
situation to get the following.

Corollary 1. Suppose that, in addition, o € (1,n). Then system (LI)) does
not admit any positive integrable solution whenever the subcritical condition

(CB) holds.

The next theorem concerns the properties of integrable solutions. More
precisely, it states that we can distinguish integrable solutions from the
other ground states with “slower” decay rates in that integrable solutions
are equivalently characterized as the bounded positive solutions which decay
with the fast rates. In dealing with integrable solutions, Corollary [Ilindicates
that we can restrict our attention to the non-subcritical case:

qo +po <n—a, (1.7)

or equivalently
n—oq n— o9
+ <n-—a. 1.8
1+¢q 1+p (18)

We shall also assume that p,q > 1. Moreover, the theorem further asserts
that there are also no positive integrable solutions in the supercritical case.




Theorem 3. Suppose ¢ > p > 1, 01 > o9 (so that qo > po), and let u,v be
positive solutions of (1)) satisfying the non-subcritical condition (LS]).

(i) Then u,v are integrable solutions if and only if u,v are bounded and
decay with the fast rates as |x| — oco:

u(x) = ||~

() ~ [z~ (=), if p(n —a) + o2 > n;

v(x) ~ \x]_("_a) In |z|, if p(n —a) + 03 =n;
||

v(@) = a|-Fr=@)=0=m2) if p(n —a) + 05 < n.

(ii) Suppose that, in addition, o € (1,n). If u,v are integrable solutions of
(LI), then the critical condition,

n—oi1 n— o9
1+¢q 1+p

=n-—aq, (1.9)

necessarily holds.

Remark 4. (i) Notice that if o1 = o9 = 0, the Hardy—Sobolev type system
(LI coincides with the HLS system (L4). Indeed, our main results on the
integrable solutions, including the subsequent results below on the optimal
integrability, boundedness, radial symmetry and monotonicity of solutions,
coincide with and thus extend past results of [T, [20] (also see [, (21, 22, [12)]
for closely related results).

(ii) To further illustrate their connection, we remark that the integrable
solutions in the unweighted case turn out to be the finite-energy solutions of
the HLS system (L4), i.e. the critical points (u,v) € LPTL(R™) x LItL(R™)
for the HLS functional.

(iii) In the weighted case, however, system (LIl) cannot be recovered from
(4] due to their different singular weights. In fact, the asymptotic behavior
of positive solutions between the two are not the same (cf. [23, [25]).

Our last main result asserts that if u,v are bounded and positive but
are not integrable solutions, then they “decay with almost the slow rates”
and we conjecture that they actually do converge with the slow rates. Of
course, if this conjecture were true, then Theorem P2l would hold without any
additional decaying assumption on solutions. However, if, in addition, u, v
are decaying solutions, then they do indeed decay with the slow rates.

Theorem 4. Let u,v be bounded positive solutions of (I.Il). Then there
hold the following.



(i) There does not exist a positive constant ¢ such that
either u(x) > c(1+ |z|)~% or v(z) > (1 + |z])~%,
where 01 < qo, 02 < pg.

(ii) If u,v are not integrable solutions, then u,v decay with rates not faster
than the slow rates. Namely, there does not exist a positive constant
C such that

either u(x) < C(1+|z))™% or v(z) < C(1+ |z])~%,
where 03 > qo, 04 > pg.

(iii) If u,v are not integrable solutions but are decaying solutions, then w,v
must necessarily have the slow rates as |x| — oo.

Remark 5. For the sake of conciseness, rather than formally stating the
corresponding results for the poly-harmonic system (L2) as corollaries, we
only point out that our main results for the integral system do translate over
to system (LL2)) provided that the equivalence conditions described earlier are
satisfied.

The remaining parts of this paper are organized in the following way.
In section ] some preliminary results are established in which Theorem
[0 is an immediate consequence of. Then, we apply an integral form of a
Pohozaev type identity to prove Theorem [2 Section [3 establishes several
key properties of integrable solutions: the optimal integrability, bounded-
ness and convergence properties of integrable solutions, and we show the
integrable solutions are radially symmetric and decreasing about the origin.
Using these properties, we prove Theorem [l in section @l The paper then
concludes with section [B] which contains the proof of Theorem [l

2 Slow decay rates and the non-existence theorem

Proposition 1. Let u,v be bounded and decaying positive solutions of (LL).

(i) There exists a positive constant C such that as |x| — oo

u(z) < Clz|~% and v(x) < Clz| 7.



(ii) Moreover, the improper integrals,

p+1 q+1
/ u(z) dx and/ v() dx

|72 ||

)

are finite provided that the subcritical condition (LG holds.

Proof. For |xz| > 2R with R > 0 suitably large,
q
B

L1 (O\BR(0) [T — y[* [yl

> Co(a)]a]e—orn / dt > Co(@)lel*r.  (2.1)
B (0)\Br(0)

Similarly, we can show
v(x) = Culz)Plae]*™2, (2.2)
and combining (2.1 with (22) gives us

ul(z) > Co(a)t|z|*~" > Cu(z)|a]tle=o2Ha=on),

v(z) > Cu(z)P|z|*72 > Co(x)Pi|z|Ple—o)+(a—02)
Indeed, these estimates imply
u(z) < Clz|™% and v(z) < Clz|™P° as |z| — oc.

In addition,

p+1 p+1 p+1
/ u(:z:)g dr < / u(x)a dx—l—/ LZE)U dzx
no |z|o2 Br(o) 17|72 BrO)©C 17|72

o) tn—os 4t
<C1+Co o 27<OO7
R

since (LO) implies —qo(p+ 1) +n — 02 =n —a — (go + po) < 0. Likewise,
v(z)at! . .. . .

fRn B dx < oo using similar calculations, and this completes the proof.

O

Proposition 2. Let u,v be bounded positive solutions of (II). Then there
exists a positive constant C > 0 such that as |x| — oo,

c C

u(x) > 1+ [z))n@ and v(x) = (1 4 |z|)min{n—a;p(n—a)—(a=02)}"

Ne}



Proof. For y € B1(0), we can find a C' > 0 such that

CS/B v(y)? dy,/ u(y)? dy < co.

NOREE Bi(0) V)72

Thus for 2 € B1(0)°, we have

u(z) > /B vy dy

(0 [T =yl

C d C
> a / U(yo) dy > s (2.3)
(L+ =) Bi(0) Y| (1+ |zl)
Similarly, we can show
(=)
Then, with the help of estimate (2.3]), we get

p
ERRCE

- C /ﬂc/2 adt _ C
= (1 + |z|)pn—e)toz fy t (14 |z|)p-)—(a=02)’
O

Proof of Theorem[d. This is a direct consequence of Proposition [I[i) and
Proposition 2 O

Proof of Theorem[2. We proceed by contradiction. That is, assume wu,v
are bounded and decaying positive classical solutions. First, notice that
integration by parts implies

/B ola)? (x-Vou(x)) + M(:17 -Vu(z)) dx

R(0) 1717 ||

1 1
_ —/ L (@)Y de - —— T
L+q JBgyo) |z L+p JBgho) 17|72

_ q+1 _ p+1
_ _n-o / v(x) gr 02/ u(x) I
1+4q Jpp) |2l 1+p Jppo) 2172
q+1 p+1
R v(x) ds 4+ R / u(z) ds
144 Jopgo) |7 L+p Jopgoy 7|72

Y V(u(z)PH) da

10



Note that this identity follows more precisely by integrating on Br(0)\B:(0)
then sending ¢ — 0 after the appropriate calculations. Then, by virtue of
Proposition [(ii), we can find a sequence {R;} such that as R; — oo,

U(x)tH—l u(x)p+1
dS, Rj

R.
! 9Br,(0) || 0Br,(0) 1|7

ds — 0.

Thus, we obtain the identity

| e o) + L e Vu(o) da

n falo | |72

_ _{n—al+n—02}/ v(x)Tt do, (2.4)

1+¢ 1+0p ||

where we used the fact that

p+1 )q U(x)q—irl
dzdz = dx
/n |z]72 // |:L"—z|” a|x|"2|z|01 = / 2]

From the first equation with A # 0, we write

v(y) / v(A2)?
Ax) = dy = A\ 1 — < d
u(r) /R e — y[relyler Y pn o — 2zl

Differentiating this rescaled equation with respect to A then taking A = 1
gives us

v(z)? v(2)T7 (2 - Vo
:E'Vu(:n):(oz—al)/R (—_)dz—l—/R ao(z) (_ V)d/z

n T — 2P| 2|0 n |z — z|Pm|z|on

~ (o o1)u(a) +/ z - Vou(z)?

Rn |2 — 2| 7%z| 7

dz (x #0). (2.5)

Note that an integration by parts yields

. q
Bgr(0) |7 — 2["%]z]7

q q
U(;zds—(n—al)/ %
oBR(0) [T — 2|" 72|71 Br(0) |T — 2["7%[2]7

Y = )T

@) 18— AP

=R

11



By virtue of [p, % dz < 0o, we can find a sequence {R;} such that

q
Rj/ %ds—)Oast—mxa
9Bg, (0) [T — 2" 2|7

and thus obtain
. q q
[ e [
re | — 2["Te2]7 Re | — 2["e2]7

e [ i,

o = 2o

Hence, inserting this into (2.5 yields

- Vu(z) = —(n—a)u(z) — (n — a) /n ’(; _(Z;_z)j;‘(ji dz. (2.6)

Similar calculations on the second integral equation will lead to

x-Vu(r) =—(n—a)v(z) — (n— oz)/]R (2 (@ = 2)ulz)" dz. (2.7)

n |z — z[Pat2| 2|02
Now multiply (2.6) and 2.7)) by |z|~72u(x)P and |z|~7v(x)9, respectively,

sum the resulting equations together and integrate over R™ to get

U(x)q . v\r X U(x)p X - u\x X
/R <xv<>>d+/ (- Vu(z))d

n falon re [2]72

s o(@) T u(z)Pt! i
= ){/ e el d}

—n-a) /n /n (z-(x—2)+x-(z—x))u(z)Pv(z)? dode.

| — z[rat2]z] 2|

By noticing that z- (z —2) +x - (2 — ) = —|z — 2|2, we obtain the Pohozaev
type identity

||

/ v(x)9 (x'VU(x))-l‘U(x)p (- Vu(z)) dz = —(n—a)/ dx. (2.8)
. n

n falo | |72

Inserting (2.4]) into (2.8)) yields

— — q+1
A I A - P
1+gq 1+p no|x]or

but this contradicts with (L.6]). This completes the proof of the theorem. [

12



3 Properties of integrable solutions

3.1 An equivalent form of the weighted HLS inequality

The following estimate is a consequence of the doubly weighted HLS in-
equality by duality, and it is the version of the weighted HLS inequality we
apply in this paper.

Lemma 1. Let p,q € (1,0), a € (0,n) and 0 < 01 + 02 < «, and define

L f(z) = /R f)

n |z|ot |z — ylrme|y|o2

Then
[ afllLa®n) < Co;pranll fllLe@nys

1

where L — 1 — az(aitoa) 01 n—a o1 1
p n q n q

- n

Q=

3.2 Integrability of solutions

Theorem 5. Suppose ¢ > p > 1 and o1 > oo. If u and v are positive
integrable solutions of (L), then (u,v) € L"(R™) x L*(R™) for each pair
(r,s) such that

%6 <0’n;a> and %e <07min{n;ajp(n—a);(Oé-@)}).

Proof. Step 1: Establish an initial interval of integrability.
Set @ = L — a(l+q)—(o1+029) h— L — a(l+p)—(o2+o1p) and let L ¢

ro n(pq—1) 50 n(pg—1)
(a—b,2=2) and L € (0,222 — a + b) such that

1111
r s ro So
Thus, we have
1 a—-o -1 1 1 a—o -1 1
-+ L9 "4~ and -+ 2P 2 @
r n 50 s s n o r

Let A > 0 and define ugy = wifu > Aor |z|] > A, ua = 0if u < A and
|x] < A; we give vy the analogous definition. Consider the integral operator
T = (T1,T,) where

Tig(x) :/]R Mdy and Tgf(x):/ Mdy

n |z —y|rmely|on re |2 — y[Pm|y|o2

13



for f € L"(R™) and g € L*(R™). By virtue of (3.1), applying the weighted
Hardy-Littlewood—Sobolev inequality followed by Holder’s inequality gives
us

1 T1g]lr < Cllvy 9||m < Clloalli lglls,

IT2fllpe < Clluly ™ fll oz < Clluallfy Il

n+s(a o

We may choose A sufficiently large so that
Clloallds "y Cllualltyt < 1/2
and the operator T'(f, g) = (Thg,T>f), equipped with the norm
1(f1s f)llor @ryx Lo ey = [ f1llr + [ f2lls,

is a contraction map from L"(R"™) x L*(R") to itself

n—«oa n—uo

) x (0,

11
for all (=,—) €l =(a—0b,

—a+b).
r’s

Thus, T is also a contraction map from L™ (R™) x L% (R™) to itself since
(7‘0’ SO) € I. Now define

— —ua)P
F:/ (o= va)’(y) ZA)Q( ) dy and G = u—ua)ly) ?i)a W) dy
e |2 —ylr ey Re |z — [P y|o2
Then the weighted HLS inequality implies that (F,G) € L"(R™) x L*(R")

and since (u,v) satisfies

(fr9) =T(f,9)+(F,G),

applying Lemma 2.1 from [18] yields
11
(u,v) € L"(R™) x L*(R™) for all (; ;) el (3.2)

Step 2: Extend the interval of integrability 1.
First, we claim that

q{n;a—a+b}—a_01>a—b. (3.3)

n

If this holds true, we can then apply the weighted HLS inequality to obtain

lullr < CllV_nr - < ClJv]|?_rg

ntr(a—oy) n+r(a—oq)

14



Then, since v € L*(R") for all £ € (0, 2=2 —a+b), we obtain that u € L"(R")
for L € (0,¢{%=2 — a + b} — 2=21), where we are using (3.3 for the last

interval to make sense. Combining this with (8.2) yields

o 1 n—au
ueL(R)forall;E(O, - ) (3.4)

Likewise, the weighted HLS inequality implies

HUHS é CHqu nsp .
==y

Thus, combining this with ([B8.4]) yields

ve L*(R") for all %E (O,min{n;a p(n—a)—(a—ag)})

)
n

It remains to verify the claim ([B.3]). To do so, notice that (L.7)) implies that

n—ao a—0o a—0o aq — 02+ — 0
q{ —a+b}— 1>qb— 1 q 24 1

n(pg — 1)
_alg—p)tap-—oqta—o alg—p)+towp—0qtor—o
- n(pg — 1) n(pg —1)
_alg—p)—oi(l —p)—oalg—1) Ca—b
n(pg —1) '
This completes the proof. O

Remark 6. Actually, it is not too difficult to show that the interval of
integrability of Theorem [3 is optimal. That is, ||u|, = oo and ||v||s = 0o at
the endpoints

n n
r = and s = max .

n—a n—a pn—a)—(a—o9)

3.3 Integrable solutions are ground states

Theorem 6. If u,v are positive integrable solutions of (IL1]), then u,v are
bounded and converge to zero as |x| — oo.

Proof. We prove this in two steps. The first step shows the boundedness of
integrable solutions and the second step verifies the decay property.
Part 1: uw and v are in L*°(R").
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By exchanging the order of integration and choosing a suitably small
c > 0, we can write

C(/ Jpuw) W7 0(y) dy . /°° Sy W1~ 0(y)? dy @>

=1 + I.

(i) We estimate I; first and assume |z| > 1, since the case where |z| < 1 can
be treated similarly. Then Holder’s inequality yields

/ — dy < Ct~7| By(w)|"" |l ¢
Bi(z)

[yl

for £ > 1. Then choose ¢ suitably large so that eq = 1/¢ is sufficiently small
and so v? € L*(R") as a result of Theorem [5. Thus,

| Ilath a—o1—nge At
I < Ol <o [l

t” a—l—ol

(ii) If z € Bs(z), then By(z) C Byys(2). From this, observe that for 6 € (0,1)
and z € Bs(z),

y[~o(y)? dy
I2<C/ JBiy W=7 0(m) dy gt

fn—a t
<C/ By a0 W77 0(y )qdy<t+5>n—a+1 d(t + 6)
(t+ oo t t+6

g W7 0(y)? dy
< C(1+4)"ot &“”’_() & < cul).
+6 tn (e t

These estimates for I; and I yield
u(z) < C1 + Cau(z) for z € Bs(x).

Integrating this estimate on Bgs(x) then applying Holder’s inequality gives
us

u(z) < Cy + C’2|Bg(:17)|_1/ ( )u(z) dz < C1 + 02|B(5(:E)|_1/T0H’LL||7«0 < 00.
Bs(x

Hence, u is bounded in R”. Using similar calculations, we can also show v
is bounded in R™.
Part 2: u(x),v(x) — 0 as |z| — oo.

16



Choose x € R™. Then for each € > 0, there exists a sufficiently small
0 > 0 such that

/6 th(x) |y|—01U )q dy ﬁ < OH’UHq /6 ta—Jl ﬁ <€
0 fn—o t 0 t ’

Likewise, for |x — z| < d, we have

/ JBu(@) Iyl Tu(y)? dy gt

t
/ th+5(z ly[~7 o y)qdy<t+5>n—a+1 d(t + 6)
(t+6)n— t t+6
1Y (y)! dy
< C/ th( ) e %: ’LL(Z)

Therefore, the last two estimates imply
u(x) < e+ Cu(z) for z € Bs(x),
and since u € L™ (R™), we obtain

1

ule)™ = 1Bs(x)| /5,

u(x) dz < C1" + Coro—r—r w(z)0dz — 0

1
1Bs(2)| /By (a)

as |z| — oo and ¢ — 0. Hence, lim|y_,o u(x) = 0, and similar calcula-
tions will show lim,|_,,, v(x) = 0. This completes the proof. O

3.4 Radial symmetry and monotonicity

Theorem 7. Let u,v be positive integrable solutions of (ILI). Then u and
v are radially symmetric and monotone decreasing about the origin.

We employ the integral form of the method of moving planes (cf. [9, [11])
to prove this result, but first, we introduce some preliminary tools. For
A € R, define

E)\ = {l‘ = ($1,...,l‘n)|$1 Z /\},

let 2} = (2\ — z1,29,...,x,) be the reflection of x across the plane I'y =
{1 = A} and let uy(z) = u(z) and vy(z) = v(z?).

17



Lemma 2. There holds

) —u) = [ (] _W =) o) = o)) dy
1 q .

_/zA (!w—y!"‘a —y\” a)<!y\‘” \y*\‘”>v(y) W

) =ot0) = [ (G ~ ) i a0 )

1 1 1 1
- — — P
/ZA (’Jj—y’"_a ’xA_y‘n—a)(’y‘@ ‘y)\‘@)u(y) dy.

Proof. We only prove the first identity since the second identity follows
similarly. By noticing |z — y*| = |2* — y|, we obtain

v(y)? v (y)?
U)\(:E):/ —— dy+/ = — dy,
5, |2t —y[rmeylon s, [T =y ey

v(y)? / ux(y)?
u(z) = ———dy + dy.
(=) /2 eyl YL T e

Taking their difference yields
v (y)? vA(y)?
uy(x) —u(z) = ( — — — >dy
( ) ( ) /2A |:E_y|n a|y)\|01 |$)‘—y|" Oc|y)\|01
v(y)? v(y)?
_/ ( (r?jza o1 A (?i)—a o >dy
sy Mz =yt elyl e —yr eyl
1 1 vA(y)?
= ( n—a A n—a) Ao d
sy M7=yl 22 — y| [yr|o
1 1 v(y)9?
_/ ( n—a A n—a) (yc2 dy’
sy MT =yl 22—y ly|7

and the result follows accordingly. O

Proof of Theorem[7]. Step 1: We claim that there exists N > 0 such that if
A < —N, there hold

ux(z) < wu(z) and vy(z) < v(z). (3.5)

Define ¥§ = {z € E)|ur(z) > u(z)} and XY = {z € Xy |va(z) > v(x)}.
From Lemma [2, the mean-value theorem and since

1 1 1 1
(!w —yle 2t - y!”‘“) (!y\‘” - \yx\ﬁ) 2 0 for y € Xy,

18



@) ~ue) < [ (G~ ) g (0 vy

[z —ylrm A -yl

v q-1
< | | W () — o(y)) dy.

sy |z —y[rmefyr|e

Thus, applying the weighted HLS inequality followed by Holder’s inequality
gives us

— ey < Cllo? Yoy — nr
[ux = ullLro(sy) < Cllvy™ (va U)HLWQO*GU(Z]“)

< OHU)\HLSo(EU l[ox = vllzso(sy) < CIIUIILS0 seylloa = vllzeosy). (3.6)
Similarly, there holds

— 5 v p_l —_— ns
Jon = ellzzocsg) < Clla e =l o

< Clluallf o sy lux = ullrosgy < CHUHUO(EC [ux = ullpro(sy)- (3.7)

By virtue of (u,v) € L™(R™) x L*(R"), we can choose N suitably large
such that for A < —N, there holds

C2||ul|P <1/2.

LTO EC ||U||LSO EC
Therefore, combining ([3.6]) with 31 gives us
{ lux = ullpromyy < 3llua = ullLro sy,

o = vl[Lso(sy) < s — vl|Ls0 (sy),

which further implies that [lux — uflzro(zy) = 0 and [lox — v|zso(zy) = 0.
Thus, both 3% and X% have measure zero and are therefore empty. This
concludes the proof of the first claim.

Step 2: We can move the plane I'y to the right provided that (8.5]) holds.
Let

Ao = sup{A|ux(2) < u(z),vr(z) < v(z)}.

We claim that u,v are symmetric about the plane Iy, i.e.
Uy, () = u(z) and vy, (x) = v(x) for all x € X),.
On the contrary, assume Ao < 0 and for all z € X,

uy, () <wu(z) and vy, (x) < wv(x), but uy,(x) # u(x) or vy, (x) # v(z).
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But we will show this implies the plane can be moved further to the right,
thereby contradicting the definition of A\g. Namely, there is a small € > 0
such that

ux(z) < wu(z) and vy(z) <wv(z), x € Xy, forall A€ [X,o+¢). (3.8)

In the case, say vy, (x) # v(x) on X),, Lemma [ indicates uy,(z) < u(x) in
the interior of ¥,. Define

KO = {33 € E)\o |u)\0(33) > u(x)} and ‘DKO = {33 € E)\o |U>\0(33) > U(ﬂj)}
Then @KO and @KO have measure zero and
)\li_)n)}o ¥X C @), and ,\h—>n>30 ¥y C @y,

Let Q* denote the reflection of the set 2 about the plane I'y. According
to the integrability of u and v, we can choose a suitably small € such that
for all A € [Ao, Ao +€), [[ul|Lro((my)+) and [[v]|Lso((siy)~) are sufficiently small.
Therefore, (8.6) and B.1) imply

lux —ullzrosgy < CllollTag gy loa = vllzsocsg) < gllox = vllsocsy),
lox = vlleo gy < Cllullfrg(sgymy lux = ullrosgy < Bllun = ullzrogsy,

and we deduce that ¥¥ and X% are both empty. This proves (3.8). Hence,
we conclude that v and v are symmetric and decreasing about the plane
Ly,
Step 3: We assert that v and v are radially symmetric and decreasing
about the origin.
First, notice that A is indeed equal to zero. Otherwise, if Ay < 0, then

Lemma 2] yields
0 =u(z) —uy,(2)
1 1 >< 1 1 > q
= — - - v(y)?dy # 0,
/ZAO (e~ o) (g~ o )

which is impossible. Therefore, u and v are symmetric and decreasing about
the plane I'y,—o, and since the coordinate direction x; can be chosen arbi-
trarily, we conclude that v and v must be radially symmetric and decreasing
about the origin. This completes the proof of the theorem. O
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4 Fast decay rates of integrable solutions

In this section, u,v are taken to be positive integrable solutions of system
(LI) unless further specified.

4.1 Fast decay rate for u(x)

Proposition 3. There holds the following.

v(y)?

n |ylo

(i) The improper integral, Ay = / dy < 00, s convergent;
R

(zz) hm u( )z[" T = Ap.

Remark 7. According to this, we can find a large R > 0 such that

Ao +0(1)

u(x) = o for © € R"\Bg(0), (4.1)

and we shall often invoke this property in establishing the decay rates for
v(x).

Proof. (i) Without loss of generality, we assume o1 > 0 since the proof
for the unweighted case is similar but far simpler. For each R > 0, since
v € L®(R") and 01 < n, we have

q
/ vly) dy < oo.
Br(0) Y|

So it remains to show f Br(0)C ‘?5|(,)1 dy < co. There are two cases to consider.
(1.) Assume n—a < p(n—«a)— (a—o03). It is clear that ¢ > p, 01 > 092 and
(LE]) imply ¢ > "t‘j‘f_‘f‘” Choose ¢ > 0 with ¢ € (o — 201, — 01). Then
set { = n+’@‘:€201 and ¢/ = E_Zfzol so that %—l—% =1,1¢g> L=, and ' > -

Therefore, Holder’s inequality and Theorem [l imply

v(y)? / 1 a / ¢ 1/¢
dy < d v(y)?d
/ c |yl v= < o175y y> ( Bgr(0)¢ ) y>

0 |yl

< C(/ROO o1l %) 7 </BR(O)C o(y)'s dy) 1/¢

< O]l < oo
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(2.) Assume n —a > p(n—a) — (a —02). For small € > 0, take { = —2—

and ¢ = - so that £ + 7 = 1. From the non-subcritical condition (L8]

1—¢&

and since pg > 1, we get

qg(n —o2) + (n—o1) n— oy n—oy MN—0] N —O09
= < <n-—a.
q(1+p) gl+p)  14+p ~1+qg 1+p
(4.2)
Thus, ﬁ <n-oa— "2 = =2 <p(n—a) - (a—oz). This yields
"_z;Jre <P ("_a);(a_m) for a sufficiently small &, which implies
1 < pn—a) — (@ —03) and ¢ > o
Lq n 01

Hence, Holder’s inequality and Theorem [Bl imply

v
/ W) 4y < ol < co.
Br(0)¢ |y

(ii) For fixed R > 0, write

/ \:c!"_ai)(y)q dy :/ !x\”_af(y)q dy
re |Z — Y[yl Br(0) [T — y[" [yl
n—o q n—oy, q
+/ Ed nifiy)g dy+/ Ed i iy)g
(RM\BR(O)]\B|g| 2(z) 1T — y[" [yl Blay o) 1T — 4" yl7
=Ji+ Jo+ Js.

Set

ge [ R,
Br(0) [Y[7t \|z —y|r~
For y € Bg(0) and large |z|,

q
’U(y) _ 1‘ < C—) c Ll(Rn)
|yl o ly|ot

as a result of part (i). By virtue of the Lebesgue dominated convergence
theorem, |Jj| — 0 as |z| — oo, which implies

lim lim Jl = A(). (43)

R—00 |z|—00
Next, notice that if y € {R™\Bg(0)}\B|y|/2(7), then |z — y| > |x|/2. There-
fore,
v(y)*

R\ Br(0) |Y]7

’x‘n—a

|z —y["~

Jy <C dy — 0 as R — oc. (4.4)
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Set J .
J§ = —n?’_a :/ —U(gza —dy.
|| Blay o) [T — 4" y|™

In view of Theorem [0 v is radially symmetric and decreasing about the
origin. Therefore,

Ty < ollal 207 [ dy

el < Cvllzl/2) = 45
Bz /2(x) |$—y|n—a|y|01 (’ ‘/ ) ‘ ’ ( )

By Theorem [B, v € L*(R™) such that

! = min{n —apn—a)—(a- 02)} _£ for sufficiently small ¢ > 0.
s n

)
n

Then, combining this with the decreasing property of v yields

o([z]/2)* || < 0/ o(y)* dy < oo. (4.6)
By /2(0)\B)z| 4(0)

We claim that
|z|"~*J, = o(1) as |z| — oo. (4.7)

To do so, we consider two cases.
Case 1. Let n — a < p(n — a) — (o« — 02). Then (46]) implies that

v(|z|/2)]z]1" ") <
which when combined with (4.3]), yields
|g|drmame)=(a=on) 1o, < Co(|a] /2)7 |z |1 7%) < C.

Recall that ¢ > 2t9=291 which implies that ¢(n — @) — (a —01) > n -0y >
n — a. Thus, by choosing ¢ suitably small and sending |x| — oo in the
previous estimate after the appropriate calculations, we obtain (d.7]).

Case 2. Let n —a > p(n — a) — (o — 02). Then (46]) implies

U(|$|/2)q|x|q(p(n—a)—(a—crz)) <C,

which, when combined with (4.3]), gives us

|z|Alp(n=e)=(a=o2)]~(a=01) 7., <
It is easy to check that (4.2]) implies that
glp(n —a) — (@ —02)] — (@ —01) >n — a.

23



Assertion (47) follows by sending |z| — oo in the last estimate after the
appropriate calculations.
Notice that (4.7) implies that

lim Js = 0. (4.8)

|z|—o00

Hence, ([@3)),[#E4) and (Z8) imply
lim |z|"" %u(z) = Ay,

|x|—ro00

and this completes the proof of the proposition. O

4.2 Fast decay rates for v(x)
Proposition 4. If p(n — «) + 09 > n, then

@mi@$Q@<m

(zz) hm |z|" " %v(x) = A;.

Proof. Since p > =22, (i) follows from Theorem [5 and Hélder’s inequality

similar to the proof of Proposmon BI(1).
To prove (ii), write

2" u(y)”

2" (z) = / B ),
Br(0) [T — y[" " y[72

n aA
o o koY
Rm\BR(0) |2 — y["|y|P

x n—o

For a large R > 0, if y € Bgr(0), then lim|x|_>ooW = 1, and the
Lebesgue dominated convergence theorem implies that

n—a P
lim lim Jy= lim lim ]x\—u(y)
R—00 |¢|]—o0 R—00 [z]—00 J Bp (0) |z — y|r=|y|o2

Likewise, since p(n — «) 4+ 03 > n,

s [
R

;= o(1) as R — oo for suitably large |z|.
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Particularly,

’x‘n—a
dy =o(1) as |z| — 00, R — 0.
/]R”\BR(O) |z — y|rely[pln=e)te:

Hence, assertion (ii) follows from this and (£.9). O
Proposition 5. If p(n — «) + 09 = n, then

’x‘n—a

v(z) = AglS"TY,

where |S" Y| is the surface area of the (n — 1)-dimensional unit sphere.

Proof. From ([@.1]), we have for large R > 0,

n—a 1 n—a P
2] o) = |z iﬁ(y) dy
In |z| In[z| /B, |z —y["=*|y|o
Ap + o(1))? x|
ooty g Ll
n |z R™\BR(0) |z — y| |y
Indeed, ([@9]) implies that
1 n—ao P
— % =o0(1) as |z| — 0.
I |z| Jpy0) |2 — yl" [yl
Thus, it only remains to show that
1 |$|n—a n—1
dy — |S"7| as |z| — oc. (4.10)

I |z| Jre\Br(o) 17— y|"~|y["

Indeed, for large R > 0 and ¢ € (0,1/2), polar coordinates and a change of
variables give us

1 n-a 1 ¢ 1
G / / _4Sudr
In || Jre\BR(o) [# — y[" =y Iz J £ Jgnr rle —rw[re
1 1

dz,

In|z| Jrm\B.(0) [2]"]€ — 2"~

where e is a unit vector in R™. Clearly, the integral in the second term
can be bounded above by a positive constant depending only on ¢, since
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n —a < n for z near e and n — & +n > n near infinity. Thus, we deduce

that
1 1

ln|x| R\ B, (0) |2]™|e — 2|

For r € (0, c) it is also clear that 1 — ¢ < |e — rw| < 1+ ¢. Therefore, there
exists 6 € (—1,1) such that |e — rw| = 1 + fc, which leads to

dz=o0(1) as |x| — oc.

Rl
Inc—1 |
ln|;p|/ /S" 1 7‘|e—7‘w|” o (1+96)n_aln|$|(nc nRk+ H|$|)
Bl
— At o0 as |z|] — oo.

Hence, by sending ¢ — 0, we obtain (d.I0]) and this concludes the proof. O

Proposition 6. If p(n — «) + 09 < n, then

d
AziAg/R i < 00.

n ’Z‘p(n—a)—i-azle _ Z‘n—a

Moreover,

lim |z|Pm )= (@702)y(5) = A,.
|z]—ro0

Proof. According to the non-subcritical condition, we have that +C;2 <
n — a. Therefore, the integrand in A, decays with the following rates:
(14p)(n—a)+ 02 > n near infinity; n—a < n near e; and p(n—a)+0o9 < n
near the origin. Thus, we conclude that As < oco.

For large R > 0, we use (1)) to write

n—o p
‘x’p(n—a)—(a—og)v(x) _ ‘x’p(n—a)—i-crz—n/ |517| niiy) U dy
Br(0) [T —y"~[y|2

|x|(p+1)(n—a)+02 -n

+(A0+o(1))p/ dy. (4.11)

Re\BR(0) | — y[P|y[p(n—a)toz

Indeed, if y € Br(0), then

‘TL—CM

\:c!p("_a)+°2_"/ Tz — gyl 2 ’ u(g’;)T dy < Clzpn=e)te=n g
Br x — y|vo|yloz —

as || — oo. Likewise, as |x| — o0

/ |z|(PHL)(n—a)For—n J / dz
—Q n—« (o} y = n—« g n—a«
RP\BR(0) [T — y["e[y[pn—a)+o R\Bp(o((0) [2[P(=)Fo2]e — 2|
— A2
Ab°
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Inserting these calculations into (4.11]) leads to the desired result. O

4.3 Characterization of integrable solutions

Proposition 7. Let u,v be positive solutions of (1) satisfying [LT). If
u,v are bounded and decay with the fast rates as |x| — oo, then u,v are
integrable solutions.

Proof. Suppose u, v are bounded and decay with the fast rates. From (L7,
it is clear that (n — a)ro > n. Thus,

o0

/ u(z)0de <C +/ u(z)®dx < Cp + Cg/ ¢n—(n=ajro dt < 0.
n R™\ By (0) R t
Similarly, [p, v(z)*0dz < oo if v decays with rate |z|~"~%). If v decays
with the rate |z|~("~® In|z|, then we can find a suitably large R > 0 and
small ¢ > 0 for which (In|z])% < |z|* for |z|] > R. Then, we also get
n— (n—a)sp+ ¢ < 0 provided ¢ is sufficiently small and this implies

/ v(z)*de < Cy + C2/ t"_(”_a)s”e% < 00.

n R

If v decays with the rate |z|~P("—®)=(2=02)) then (I7) implies that gy <
n — o, which further yields pgy — o + 02 < p(n — &) — (o — 02). From this
we deduce that n — (p(n — a) — (a — 02))so < 0. Therefore,

/ v(z)™ de < Oy + C / in—(p(n—a)—(a—02))s0 % .
" R

In any case, we conclude that (u,v) € L™ (R™) x L% (R"). O

Proof of Theorem [3. Propositions BHA show u,v are positive integrable so-
lutions if and only if they are bounded and decay with the fast rates as
|| — oo. Lastly, it remains to show that (I.I]) does not admit any positive
integrable solution in the supercritical case. To prove this, assume u and
v are positive integrable solutions. Then, we can apply similar arguments
found in the proof of Proposition B to show that

p+1 q+1
/ %dazz/ v(@) dr < 0o.

]2 ||

Then, as in the proof of Theorem 2, we can deduce the same Pohozaev type
identity to arrive at

— — q+1
nTor, nT9% (n—a) / v(z) dx =0,
1+¢ 1+p no|x]or
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but this contradicts the supercritical condition. This completes the proof of
the theorem. |

5 Asymptotic properties of non-integrable solu-
tions

In this section, we assume u,v are bounded positive solutions of system

Proposition 8. Let 61 < qg and 05 < pg. Then there does not exist a
positive constant ¢ such that either

w(x) > c(1+ |z))~% or v(z) > e(1 + |z|)~%.
Proof. Assume that there exists such a ¢ > 0 in which,
w(x) > (1 +|z))~" where 6; < qo.
Then there holds for large z,

p
ooz [ s el
Bla o) [T —yl" =yl

where by = 01 and a1 = pby — a + 09. Thus, inserting this into the first
integral equation yields

q
ww) > [ ey e )
Bpay o) [T = yl" =yl

where by = ga; — a4+ o1. By inductively repeating this argument, we arrive
at
v(x) > e(1+ [2)~% and w(z) > e(1+ |z[)~%,

where

aj+1 =pbj —a+o0y and bj =qa; —a+o0y for j=1,2,3,....
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A simple calculation yields

by, = qar, — a+ 01 = q(pb—1 —a+ 02) —a+ o1
= pgbp—1 — (a(1 + q) — (01 + 02q))
= (pq)?bx—2 — (a(1 + q) — (o1 + 029))(1 + pq)

= (pq)*bo — (a(1 +q) — (o1 + 029))(1 + pg + (pg)* + ... + (pg)* ™)

(pg)" -1

= (p9)*bo — (a1 + q) — (o1 + 020)) =1 (p0)* (bo — q0) + qo-

Since pg > 1 and by = 01 < qo, we can find a sufficiently large kg such that
bk, < 0, but then this implies that for a suitable choice of R > 0,

P —pby,
U(fﬂ)Zc/ %dyzc/ Sy
R\ BR(0) |7 — "yl Re\BR(0) |7 — Y[yl

o0
> c/ =927 Pbig i _ 00.
=c/ :

Hence v(x) = oo, which is impossible. Similarly, if there exists a ¢ > 0 such
that
v(z) > c(1+ |z)7% where 6, < po,

then we can apply the same iteration argument to conclude u(z) = oo for
large x and this completes the proof. O

Proposition 9. There hold the following.

(i) Let 03 > qo and 04 > po. If u,v are not integrable solutions, then there
does not exist a positive constant C' such that either

u(z) < C(1+|z))~% or v(z) < COA + |z])~%.
(ii) If u,v are not integrable solutions but are decaying solutions, i.e.
u(z) ~ 2|7 and v(z) ~ |z|7%

for some 61,05 > 0, then they necessarily have the slow rates 61 = qq
and 05 = pg.
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Proof. (i) On the contrary, assume there exists a C' > 0 such that u(z) <
C(1 + |z])7%. Then n — rof3 < 0 and we calculate that

/ u(z) dx = / u(z)™ dx + / u(z)™ dx
n Br(0) R\ Br(0)

o o dt
SCl—I-CQ/ t"7’037<oo,
R

which contradicts the assumption that u, v are not integrable solutions. Like-
wise, if there exists a C' > 0 such that v(z) < C(1 + |z)~%, a similar
argument shows that v € L% (R™), which is a contradiction.

(ii) Now suppose that u,v are non-integrable solutions but are decaying
solutions. Then part (i) and Proposition Bl clearly imply that w, v decay with
the slow rates as |x| — oo. O

Proof of Theorem [{]. Part (i) of the theorem follows immediately from Propo-
sition 8 and parts (ii) and (iii) follow from Proposition [0 O
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